
Parameter Estimation of HRF and Classificationof fMRI data using
Probabilistic PCA Modeling

R.SrikanthandA.G.Ramakrishnan
Departmentof ElectricalEngineering,IndianInstituteof Science,Bangalore,India

(srikanth,ramkiag)@ee.iisc.ernet.in

Abstract

We propose a method for estimating the parameters of
Hemodynamic Response Function (HRF) and classifying
the different areas of activation of Functional Magnetic
Resonance Imaging (fMRI) data. The proposed method can
be used in event-related design paradigm. In this method,
the probability model for the fMR time-series is obtained
by Probabilistic Principal Component Analysis wherein the
additive noise component is represented in terms of its dom-
inant principal components. The parameters of the HRF
and class labels are estimated using Expectation Maximiza-
tion algorithm. The class labels are assumed to form a
Markov Random Field and the prior is given by Gibbsian
distribution. This prior imposes spatial smoothness on class
labels. The results are shown for simulated data wherein
HRFs with known parameters are added to the real fMR
data.

1 Intr oduction
FunctionalMagneticResonanceImaging(fMRI) is a non-
invasivetechniqueallowing theevolutionof brainprocesses
to be dynamicallyfollowed in variouscognitive or behav-
ioral tasks. fMRI attemptsto detectbrain activity by lo-
calized,non-invasivemeasurementsof thechangein blood
oxygenationcalledasBOLD (bloodoxygenationlevel de-
pendent)contrast.Thebrain is imagedat regular intervals
whena subjectperformsspecifictaskspromptedby some
stimulus(e.g.,motor or visual task). The aim is to (a) de-
tect the portionsof brain that areactivateddueto the task
and(b) characterizethe BOLD response.So far research
hasbeenfocussingin detectingthe activatedregions [1].
Recently, estimationof HemodynamicResponseFunction
(HRF) hasassumedconsiderablesignificance[2],[3], [5].
Knowledgeof HRF is useful in understandingthe dynam-
ics of brain function andrelationshipbetweenbrain areas.
Bothparametric[5] andnonparametricmodels[2], [3] have
beenusedfor HRFmodeling.In thiswork, weusegaussian
modelfor HRF. We developan ExpectationMaximization
(EM) framework to find out variousregionswith different
HRFs. In addition to classifyingvariousregions,we also

estimatetheparametersof thoseHRFs.This kind of analy-
sisis usefulfor event-relateddesignparadigms[5].
Generally, the signalrecordedduring an fMRI experiment
consistsof the BOLD responseburied in colored noise.
The noise is due to physiologicalsourcessuch as pulse,
breathingandsystemsourceslike scannerandnoisedrift.
The noisealso dependsupon the acquisitiontime or rep-
etition time (TR) which decidesthe aliasingof the above
noisesandsignalpower. Generallybandpassfiltering [5]
is usedin reducingthenoisecomponent.In [1], a subspace
basedapproachis proposedto modelnoisein ablockdesign
paradigm.Thisapproachcannotbeusedin eventrelatedde-
sign paradigmwherethe task is not repeatedperiodically.
We proposea new model for the noisecomponentusing
ProbabilisticPrincipalComponentAnalysis(PPCA).Using
thismodel,weestimatetheparametersof theHRFandclas-
sify the responseinto differentclasses.The parametersof
theprobabilitymodelarederivedfrom thedataitself.

2 Probabilistic PCA
PrincipalComponentAnalysis(PCA) is a widely usedtool
for dataanalysis. For a set of

���
dimensionaldatavec-

tors �����	� , 
���
���������������� , the � principal axes ��� , ���
���������������� , are thoseonto which the retainedvarianceun-
der projectionis maximal. Theseprincipal axesare the �
eigenvectorscorrespondingto the � dominanteigenvalues
of thesamplecovariancematrixof thedata ��� � � . Theanal-
ysisusingPCA doesnot involve any probabilitymodelfor
thedata. Tipping andBishop[4] showedthatPCA canbe
obtainedby assuminga probability model. This approach
is very useful becausewe not only get the principal axes
of the databut alsoa probability modelfor the data. This
modelin turn canbeusedfor thetaskslike estimationand
detectionof signals.WeusePPCAto modelthevoxel time-
seriesof fMR data.Usingthis approach,onecanmodelthe
noisecomponentin fMR time-seriesin termsof its signifi-
cantprincipalcomponents.
2.1 A Probability Model for PCA
A

���
dimensional data vector � can be related to� � dimensional( �! � ) latentvariables" as:
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where, - and " are independentrandomprocesses.$'& is
themeanof thedatavectors.By defininga prior pdf to " ,
theabove equationinducesa correspondingpdf to � . If we
assume
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then � is alsoGaussianrandomvectorwith pdf
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where,5�6 and 5 are �CBD� and
� B � identitymatrices.With

the above pdfs for " and - , we canshow that the columns
of W are the rotatedand scaledprincipal eigenvectorsof
the covariancematrix of the datavectors �E� � � . With the
above model, the observed vector � is representedas the
sumof systematiccomponent( *�" ) andindependentnoise
component( - ). It is shown in [4] that the ML estimateof* and < >� aregivenby

* � F#6G1:HI6 � < >� 5?7�JLK >EM
< >� � 
�C� �

NO
�=P 6�Q J

R � (3)

wherethe � columnvectorsin F 6 areeigenvectorsof the
covariancematrixof thedata,with thecorrespondingeigen-
valuesin thediagonalmatrix H 6 , and M is an arbitraryro-
tationmatrix. Theestimatefor < > hasthe interpretationof
’ lost’ variancein the projection,averagedover the lost di-
mensions.

3 Probability modelof fMRI data us-
ing PPCA

3.1 HemodynamicResponseModel

Hemodynamicresponse(HR) refersto the local changein
bloodoxygenationasaneffect of increasedneuronalactiv-
ity. This changeis not immediatebut is delayedby 2 to 6
secondsfrom thestimulusonset.It is observedthatthis re-
sponseincreasesslowly andattainsmaximumandreturns
to thebaseline. In this work, we modelHR by a Gaussian
function. The advantageof this model is that the param-
etersgive a physiologicalinterpretation[5]. The HR asa
functionof timecanberepresentedas:

S 1:�L7#�%T8UWV�XY1 � 1Z�[� \ M � $Y7 >^] < > 7 (4)

where,$ representsthetime lag from theonsetof thestim-
uli to thepeakof HR; < reflectstheriseanddecaytimeandT denotestheamplitudeof theresponseasshown in Figure
1 and \ M is thesamplingperiod. Let _0�a` $@�=<b�=Tdc denote
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Figure 1: A sampleHR function showing physiological
significanceof the threeparameters.$ representsthe time
lag from theonsetof thestimuli to thepeakof HR; < gives
theriseanddecaytime and T denotestheamplitudeof the
response

the unknown parametersof the HRF. TheBOLD response
of thebrainfor a giventaskcanbemodeledasconvolution
of the HRF andthe input task [2]. The input taskcanbe
consideredasa binary function of time which hasa value
of 1 duringtheperiodof taskand0 duringtherestperiod.

3.2 Probability Model
Theobservedtime-seriesof ef� S voxel canbemodeledas:

gdh �ji S 1Z_ h 7Y(.
 (5)

where,the \ � dimensionalvectorsgdh � S 1Z_ h 7W�L
 arerespec-
tively, observedtime-seriesat ef� S voxel,HRFandnoise.i
is the convolution matrix. The noise 
 canbe represented
usingthelatentvariablemodeldefinedin thelastsectionas:


k�9*�"l(.- (6)

where " is a � � dimensional( �m n\ ) latentvariableand -
is a noisecomponent.AssumingGaussianpdf modelsas
describedin thelastsection,thecolumnsof * correspond
to � principalcomponentsof 
 correspondingto thefirst �
dominanteigenvalues.Thepdf of noiseis givenas


m/%�.1324��oC7 (7)

where,op�9*A* & (!< > 5 . Hencethenoisevector
 is repre-
sentedasacombinationof systematiccomponent( *�" ) and
a iid component( - ). Now, theobservedtime-seriescanbe
representedasa sumof BOLD response,systematicnoise
componentandaniid noisecomponent:

g h �%i S 1:_ h 7)(q*�"l(.- (8)

Therefore,the probability model for the observed fMRI
time-seriesg h for agiven _ is givenby

g?h /j�.1Zi S 1:_ h 7[��oC7 (9)



Hence,usingthePPCAmodel,wecanexpresstheobserved
fMRI time-seriesin terms of the convolution model and
principal componentsof noise. The principal components
of noisecanbecomputedfrom thedataitself asexplained
in thelatersections.

4 Estimation and Classification Us-
ing EM algorithm

In this work, the aim is not only to find the activatedvox-
elsbut alsoto find thedifferentkinds(classes)of activation.
Onecanexpecttheadjacentpixelsto havethesameclassla-
bels.ThisspatialsmoothnesscanbeimposedusingMarkov
RandomFields (MRF) [6]. Sincethe classlabelsarenot
observable,wecanmodelthemasHiddenMarkov Random
Field(HMRF).Weassumethatthereare r differentclasses
(includingno activation) in thegiven fMRI data. The task
is to find the r setsof parametersof theHRFandassociate
eachvoxel with oneof the appropriateclasses.Let s be
therandomfield of theclasslabelsof thefMRI voxels.The
key propertyof MRF is that thedistribution of the random
variableassociatedwith apixel e , giventhevaluesof pixels
in a neighborhoodof e , is independentof thevaluesof the
restof thepixelsin theimage.Thiscanbewrittenas:

t 1Z" h4u "�v���exw�jy37#� t 1Z" h;u "�v{z|� h 7 (10)

where " h is the classlabel of pixel e and � h is a set of
randomvariablesrepresentingthe labelsfor thepixels that
arein theneighborhoodof e . By Hammersley-Clif ford [6]
theorem,the distribution over an MRF canbe specifiedin
termsof Gibbsdistribution

t 1:}f7#� 
~ UWV�XY1 � O � F � 13}?7=7 (11)

where } is vectorof classlabelsfor all thepixelsin theim-
age; F � is the potentialfunction for clique � in the lattice
of pixels;

~
is the normalizationconstant.A clique is an

orderedsetof pixelswhich areall in theneighborhoodsof
eachother. Thesumin theaboveequationrunsoverall the
cliquesasdefinedby our choiceof neighborhood.Thepo-
tential functiongivesa potential,or cost,for theparticular
combinationof labelsin cliques.We usefirst orderneigh-
borhoodwherethedistancebetweentwo pixels is oneand
eachcliquecontaina pair of pixels. Thepotentialfunction
is definedas

Fl13} h �=} v 7�� � ] ���=� t } h �j} v
� � � ] ������� S;�E� ����� � (12)

Hence,the cost for two pixels in a neighborhoodto be of
differentclassesincreasesandis dependenton theparame-
ter � . This will have a smoothingeffect on the classlabel
map.

4.1 fMR signalmodel
We usePPCA to model the observed time-seriesof each
voxel. Let therebe r different regions (classes)and let� ��` _ J �����������L_^��c denotethe parametersof the r HRFs.
Theobservedtime-seriesat �0� S voxel assumingthatit be-
longsto ef� S classcanbemodeledas

g�� �%i S 1Z_ h 7Y(+*�"�(.-E�=�a�p
d��������������� (13)

where,M is total numberof voxels. Thereforegiven the
classlabel,thepdf of g � canbewrittenas

� 1 g � u s � ��eb� � 7@/9�.1Zi S 1:_ h 7W��oC7 (14)

Assuming g � ’s are independentgiven their class labels
(conditionalindependence),we have

� 1 g)u s�� � 7@����� P J
� 1 g � u s � ��eb� � 7 (15)

Theaboveequationcanbemaximizedwrt _ h to estimate_ h .
But theclasslabels s@�|�ne areunknown. Hencetheclass
labelsareto befoundbeforetheestimationof _ h . We esti-
matebothclasslabelsandunknownparameters

�
in aniter-

ativefashion.Wefirstestimateclasslabelsfor agiveninitial���
andusingtheseclasslabelsnew

��� Q J is estimated.We
repeatthis until convergence.

4.2 Estimation of ClassLabels
Theclasslabelmap s%�j} canbeestimatedby maximizing
theposterioriprobability

t 1�s u g � � � 7#� t 1 g)u s�� � � 7 t 1�s�7
sj�j� �E� �0�?"	� ��¡ t 1 g)u s�� � � 7Y(¢��¡ t 1�s�7 (16)

where,
���

is an initial valueof
�

. The above equationis
to be maximizedover all possibleconfigurationsof s and
henceintractable. It can be approximatedusing Iterated
ConditionalModes(ICM) algorithm[7].

} � �9� ��� �|�d"	£L¤¥��¡ t 1 g � ] } � � � � 7Y(.��¡ t 13} � ] � � 7 (17)

t 13} �lu � � 7#� 
~ � UWV�XY1 �§¦O
�=P J

Fl1:} � �=}���7L7
where,� � is I orderneighborhoodof thevoxel � and

~ �
is thenormalizingconstant.

4.3 Parameter Estimation
Using the above estimateof class labels, the parameter��� Q J canbe estimatedby maximizingthe conditionalex-
pectation of the log of posteriori probability

t 1 � u g ��}?7
( ¨©����¡ t 1 � u g ��}?7 u g � � � � ). UsingBaye’s rule,

t 1 � u g �=}f7 can
besimplifiedas:

t 1 � u g ��}?7ª� t 1 g �=} u � 7 t 1 � 7
� t 1 g)u }�� � 7 t 1:}f7 t 1 � 7



since } is independentof
�

and
t 1 � 7 is prior probability

of
�

(
� /«�.1Z�k¬���­	¬�7 ). Using the above equation,the

requiredconditionalexpectationcanbewrittenas:

¨l�E��¡ t 1 � u g ��}?7 u g � � � ���j¨l����¡ t 1 g)u };� � 7 u g � � � � (18)

(�¨l�E��¡ t 1:}f7 u g � � � �8(q¨l�E��¡ t 1 � 7 u g � � � �
The secondterm in the above equationis independentof�

anddoesnot influencethemaximizationof the required
conditionalexpectation.The third term canbe simplified,
by takingtheconditionalexpectationwrt

t 1:y u g � ��� 7 , asfol-
lows:

¨l�E��¡ t 1 � 7 u g � � � �®� ��¡ t 1 � 7
�O
v P J
t 13y u g � � � 7

� ��¡ t 1 � 7
Usingtheabove equation,the requiredconditionalexpec-

tationcanbewrittenas:

¨l����¡ t 1 g �=}�� � 7 u g � � � ���
�O
v P J
��¡ t 1 g'u }�� � 7 t 13y u g � � � 7=(���¡ t 1 � 7

(19)
To maximize the above equation,we needthe posteriori
probability

t 1:y u g � ��� 7 whichcanbewrittenas

t 1:y u g � � � 7#�
t 1 g)u }!�jyL� ��� 7 t 1:y�7t 1 g 7 (20)

Thetotal probability
t 1 g 7 of voxelsis difficult to evaluate.

By MRF property, we know theclasslabelof a givenvoxel
is dependenton its neighborhood. Using this, the above
posterioriprobabilitycanbeapproximatedast 1:y u g � � � 7�¯ t 13y u g � � � � �=� � 7

�
t 1 g � u } � �jyL� � � �=� � 7 t 13y u � � 7t 1 g�� 7

t 1 g�� 7��
�O
v P J
t 1 gd�,u } � �jyL�=� � 7 t 13} �lu � � 7

(21)

Theconditionalexpectationcannow bewrittenas:

¨l����¡ t 1 g �=}�� � 7 u g � � � ���
�O
v �O� P J

t 13y u g � � � � �=� � 7
��¡ t 1 g � u } � �%yL� � � 7 (22)

This is maximizedwrt
�

. With this new estimateof
�

, the
classlabelsareestimated.This procedureis repeateduntil
convergence.Theprocedurecanbesummarizedasfollows:

1. Initialize
�±°

, �@�j2
2. Find theactivationmapusing(17).
3. Usingtheseclasslabelsfind new

��� Q J using(22).
4. Go to step2 until convergence.

5 Simulation Results
5.1 Data
The datasetwas acquiredat NIMHANS, Bangaloreon a
1.5 teslaSiemensMR machine. The scanningsequence
wasa 3-D echoEPI with 66msechotime and90 degrees
flip angle.The imageswereacquiredwith a matrix sizeof
E��²lB¢
E�G²³B¢
�´ pixelswith a slicethicknessof 8mm. The
time-seriesof fMRI volumeis acquiredevery1sec(TR=1).
The motor experimentwasconductedon a volunteer. The
experimentstartedwith arestperiodof 20secondsfollowed
by activationperiodof 20secondsduringwhich thesubject
had to move his figure followed by restperiodof 80 sec-
onds. Theexperimentis not repeatedin orderto studythe
intrinsic responsefor onesession.

5.2 Preprocessing
Thetime-seriesof eachsliceis correctedfor subjectmotion.
Thetime-seriesof framesareregisteredwith thefirst frame
of the time-series. At eachvoxel, the meanvalue of the
time-seriesof the voxel is removed from the time-series.
This amountsto removing the anatomicalstructurein the
MR imagessincewe are interestedonly in analyzingthe
BOLD response.

5.3 Simulations
To verify theperformanceof theabovemethod,we choose
a patchof 
�´kBµ
�´ from a slice wherethereis no activa-
tion with thehelpof anexpert. We addtheconvolution of
two GaussianHRFsof parameters_ J �¶` ·4� ·4���4� �4�L¸;�¹��c and_ > �º`¹»f�¹·������¹·���·��¹·�c with input stimulationsignal (boxcar
function � 1 from �¼�n��2 to ¸?2 ) to the time-seriesof vox-
elsatknown locationsasshown in Fig 2. Now thetaskis to
find outtheclasslabelof eachpixel andestimatetheparam-
etersof theHR function. We do not considerthefirst four
samplesin every voxel time-seriesto accountfor thescan-
ner saturationeffects. The parameter� is fixed as 
 . The
parametersof the prior � ¬ ��­ ¬ aretaken asin [5]. We es-
timatethematrix * by choosing”noiseonly” pixels from
thesameslicebut at the locationfar from theabove patch.
Thesamplecovariancematrix is estimatedand * is found
out by theeigenvaluedecompositionof thesamplecovari-
ancematrix. The algorithm is initialized by generatinga
samplefor

�
from the prior distibution �.1:�|¬���­	¬�7 . This

initial valuefor
�

is thenusedto estimatethe classlabels
for eachvoxel usingMaximum Likelihood(ML) classifi-
cation. Furtherrefinementin classificationof voxels and
estimationof parametersof HRFs is carriedout usingthe
algorithmdescribedin theearliersection.Fig 3 shows the
detectionperformanceof EM algorithmfor theabove acti-
vationpattern. As shown in the figure, the algorithmcon-
vergesin 5-6iterations.Fig 4 comparestheestimatedHRFs
with actualHRFs.



6 Conclusions
We proposeda methodfor estimationof theparametersof
HemodynamicResponseFunction(HRF)andclassification
of the differentareasof activation in FunctionalMagnetic
ResonanceImaging(fMRI) data.This methodcanbeused
in eventrelateddesignparadigm.Thenoisein voxel time-
seriesis modeledusingProbabilisticPrincipalComponent
Analisis(PPCA)anda probabilitymodelis derivedfor the
voxel-time series. A Gibbsianprior model is usedto im-
posespatialsmoothnessof the classlabels. The classla-
belsandHemodynamicResponseFunction(HRF)parame-
tersarethenestimatedusinganExpectationMaximization
(EM) algorithm.Theprior informationfor HRFparameters
is incorporatedin the EM algorithm. The issuethatneeds
to beaddressedin this work is choosingthesmoothingpa-
rameter� . Also, the algorithm needsto be testedfor an
event-relatedfMR experiment.
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Figure2: (a)DifferentRegions(Classes)of Activation.Re-
gion with dark pixels indicateno activation. Region with
gray pixel valuesindicatesactivatedregion with HRF

S J
(with paramter_ J ) andRegion with white pixels indicates
activatedregionwith HRF

S > (with paramter_ > ) (b) Actual
simulatedHRFs

S J and
S > with respective parameters_ J

and _ > .

Figure3: Figuresshowstheconvergenceanddetectionper-
formanceof theproposedEM algorithm.TheEM algorithm
convergesin 4-5 iterations.
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Figure4: Comparisonof EstimatedandActualHRFs.Solid
curveshowsactualHRFanddashedcurveshowsestimated
HRFof (a)h1 (b) h2.
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