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ABSTRACT

We proposetwo algorithms,which effectively useDiscreteCo-
sineTransform(DCT) to obtaincomplex cepstrum,which we call
asthe DiscreteCosineTransformedCepstrum(DCTC). The first
algorithm usesthe relation betweenDiscreteFourier Transform
(DFT)andDCT II. Computingthecomplex cepstrumusingFourier
Transformneedsunwrappedphase. The calculationof the un-
wrappedphaseis sometimesdifficult dueto thepresenceof mul-
tiple zerosandpolesnearor on the unit circle. SinceDCT is a
real function, its phasecanonly be

�
or � andphaseunwrapping

is doneby representingnegative by �������
	��
��� andpositive by 1.
The motivation for the secondalgorithm is to obtain DCTC by
representingDCT sequenceitself by magnitudeandphasecom-
ponents.Phaseunwrappingis performedin the sameway as in
thecaseof first algorithm.WetestedDCTC by simulatingtheim-
pulseresponseof a systemthathasmultiple polesandzerosnear
or on the unit circle and we have shown that DCTC provides a
closermatchto the theoreticalcomplex cepstrumthan the DFT
basedcomplex cepstrum.DCTC hasbeenusedto obtainthepitch
contourof syllables,wordsandsentences.It is shown thatthefirst
few coefficients’ spectralenvelopematcheswith the envelopeof
the signal spectrumunderconsideration.We are also exploring
theapplicabilityof DCTC to speaker recognition.

1. INTRODUCTION

Thecommonspeech-productionmodelviewsspeechastheoutput
of a linear, time-varying systemexcited by eitherquasi-periodic
pulsesor randomnoise.Speechsignalis theresultof convolving
excitationandvocaltract impulseresponse.It is possibleto sepa-
rateor “deconvolve” thecomponentsusinglinearfilter becausethe
convolved signalshave very differentspectra.Homomorphicde-
convolution hasprovenusefulin a varietyof fieldssuchasspeech
analysisandsynthesis,marineandearthseismology, biomedical,
radarandacousticsystemanalysis.Its applicationwasintroduced
by OppenheimandSchafer[1] to speechanalysis,echodetection
and removal. Considerablework covering differentapplications
hasbeenperformedby Childersetal. [2]. Homomorphicdeconvo-
lution is usuallyrealizedusingFouriertransform(FT), andis very
muchdatadependent.Unfortunately, thenatureof FT restrictsits
generalapplicability. Precisecalculationof theunwrappedphase
is sometimesdifficult dueto spectralnotchingor multiple bands
with low signal to noiseratios. Complex cepstrum[3] entirely
basedon time-domaincalculations,avoidsor minimizestheprob-
lem associatedwith the FT method. Explicit transformationsof
anordinarymixedphasetimesequenceinto its complex cepstrum
time sequenceandvice versaarederived in [3]. This doesnot re-
quire unwrappedphasecalculationsandno specificwindows are
usedto preconditionthesignalin orderto produceamoreaccurate

representationof thecomplex cepstrum.In [4], it is shown that if
theoriginal signalis symmetrical,theDiscreteFourierTransform
(DFT) for cepstralanalysiscan be replacedby DiscreteCosine
Transform(DCT). This principle is appliedto the evaluationof
the real andcomplex pseudocepstrumof speechsignals. In both
thecases,it is foundthattheuseof DCT doesnot degradethein-
formationcontainedin thecepstrum,while substantiallyreducing
thecomputationalcomplexity.

In thispaper, weproposetwo new methodsof estimatingcom-
plex cepstrumthroughDCT, which is termedasDiscretecosine
transformedcepstrum(DCTC). In the first method,forcing half
samplesymmetricextensionfor thesignalunderconsideration,we
obtaintherelationbetweenDFT andDCT II. This relationsimpli-
fiesthephaseunwrappingalgorithm.SinceDCT is arealfunction,
its phasecanonly be

�
or � . �����
� operationhasbeencarriedout

on thesign(representedas �������
	��
��� for negative and1 for posi-
tive)aswell asthemagnitudeof theDCT. After phaseunwrapping,
the resultingsequenceof length M is concatenatedwith conju-
gatedandflippedversionof thesame.Now themodifiedsequence
of length2M is inverseFourier transformedto obtainDCTC rep-
resentationof the signal. In the secondmethod,no assumptions
aremaderegardingthesignal,andDCTChasbeenobtainedusing
DCT-IDCT combination.Phaseunwrappingis sameasthatof the
first method.

2. MATHEMATICAL FORMULATION OF DCTC
Considera sequencewith a rationalZ-transformof theform��� �����! �
"$#&%(')+*�, �
-.	0/ ) ��1 , � #2%43)+*�, �
-4	65 ) � �#87 ')+*�, �
-4	0� ) � 1 , � #67 3)+*�, �
-.	69 ) � � (1)

Thefactors/ ) ’sand � ) ’sarethezerosandpolesinsidethecontour
of radius :�; respectively, and < / ) <�;=< 5 ) < and< � ) <�;�< 9 ) < areall less
than : and 5 ) ’sand 9 ) ’s arezerosandpolesoutsidethecontour:
[1]. Thecomplex cepstrumexists if >@?�� ��� ��� � is analytic. Only a
sequenceA � BC� with positive meanandzeromeanphasederivative
will have a uniqueanalyticfunction >@?�� ��� ��� � [6]. Thus,a general
discretetime mixed phasesequencerequirestime alignmentand
adjustingthe constantA to be positive in order for the complex
cepstrumto exist. By definition, theZ-transformof thecepstrum
sequenceof c is D � ���E� >@?��GF � ��� � (2)

where F � ��� is theZ-transformof H � BC� ; obtainedby time aligningA � BC�JI After differentiatingEq. 2 with respectto z andtaking in-
verseZ-transform,we obtainB H � BE�C� KL)+* 1 K MON � M � H � B 	 M � (3)



This nonlineardifferenceequationis animplicit relationbetweenH and
N
, andfor minimumor maximumphasesequences,it canbe

reducedto implicit recurrenceexpressions[1]. However, thegoal
of this paperis to obtaina DCTC representaionusinganorthogo-
nal transform(DCT).

2.1. Algorithm I
Let A � BC� bearealsequence,definedfor

�QP B PSR 	T- I Consider
its half point symmetricallyextendedsequenceH � BC� :H � BC�E�VU A � BC� �WP B PSR 	&-A � X R 	Y-Z	 BC� R[P B P X R 	2-
Simplifying DFT of H � BC� ,

F � M �E�\X �����T] �
� MX R_^W` 1 ,La *Eb A � BC�dc�e
f � XgBih -g�j� MX R (4)

Herethetermsinsidethesummationcorrespondto��� M �C� ` 1 ,La *Eb A � BC�dc�e
f � XgBih -g�j� MX R (5)

which is sameasthe DCT of A � BC� exceptfor the scalingfactors.
Denotingit by

�lk�mEno� M �
,F � M �C�pX �����T] �
� MX Rq^ �rksm�n�� M � (6)

Wecanwrite
� ksmEn � M �

as� ksm�n � M �E� �����t�vu � M � ��< � ksm�n � M � < (7)

where u � M �C� 	 �
�Xw� sgn � �lk�mEno� M � �x	&-d�
and

sgn�zyE� �{U -
; | ��} y�~ �	�-
; | ��} y�� �
Therefore, F � M �E�\X �����T] �
� MX R h u � M � ^ < � k�mEn � M � < (8)F � M � canbewrittenas �����t�
	���� � M � ��< F � M � < . Therefore�����t�
	���� � M � ��< F � M � < �\X �����T] �
� MX R h u � M � ^ < �rksmEno� M � < (9)

Takinglogarithmon bothsides,we have>@?Q< F � M � <�	���� � M ��� >@?�� X � h >�?Q< �rksmEno� M � < h �
� MX R h u � M � (10)

Separatingrealandimaginarypartsof Eq. 10,we have,����� M �C� >@?�� X � h >@?�< � ksmEn � M � <	.��� � M ��� � X � 	 MR h � sgn� � ksm�n � M �v� 	2-d���
Here,

�6P M P!R 	p- . Constructa
X R

lengthsequence,� � M �
from

R
lengthRHSsequence,asshown below:� � M �E�VU ����� M � 	��
��� � M � � M � R����� X R 	2-.	 M �Oh �
��� � X R 	Y-Z	 M ��� M$� R

Pseudocomplex cepstrumis computedfor thesymmetricallyex-
tendedsignal H � BE� asfollows:�H � BE�C� �g�O�r���Q�J� � M � � �
where, � �iP B P X R 	S-d� . � H � BE� is realbecauseof thesymmetry
of � � M �JI
2.2. Algorithm II
Insteadof using the relation betweenDFT and DCT II for the
symmetricallyextendedsignal,thisapproachusesDCT andcorre-
spondingIDCT [5] to obtaincomplex cepstrumof a signal. Con-
sidera realsequenceA � BC� , definedfor

��P B P�� 	�- andzero
elsewhere.TakingN-point DCT of theabove sequence,we have��� M �

definedfor
�QP M PS� 	Y- andcanbewrittenas��� M �E� �����T] 	��
�X���� sgn� ��� M �v� 	&-g��� ^ < �6� M � < (11)

Takinglogarithmonbothsides>@?E� ��� M �v��� 	��
�X � sgn� ��� M �v� 	2-d� h >@?Q< �6� M � < (12)

Thenweobtainthepseudocomplex cepstrumof A � BC� as,�A � BC������� �g�O� D � � 	��
�X � sgn� ��� M �G� 	&-g� h >@?Q< ��� M � < �G� (13)

3. LINEAR PHASE COMPONENT IN COMPLEX
CEPSTRUM

For the complex cepstrumto exist, it is necessaryfor the phase
function to becontinuousandbe anodd functionon theunit cir-
cle. It doesnotexist (is notdefined)if linearphaseis presentsince> e
 o� " doesnot have a Laurentexpansionnear

��� �
, andthere-

fore thephasefunctionis not continuous[2]. (Nevertheless,some
authoursconsiderthelinearphasecomponentof thecomplex cep-
strumbyassumingthattheFouriertransformof > e�  ���������
}g¡(� sub-
stitutesfor theZ-transformof > e
 o��" ontheunit circle). Thelinear
phasecomponentmustbe removed beforethecomplex cepstrum
calculation.Otherwise,it introducesrapiddecayingoscillationsin
thecomplex cepstrum[2] sinceits Fouriertransformis� AC¢z£ a 7g¤ � B � �{U � ; B�� �1C"a c�e
f � B ��� � �
	�-g� a
¥ , "a ; B2¦� � (14)

Here, } is equalto thenumberof zerosof theZ-transformoutside
the unit circle. If this numberis large, thenthe

� AC¢z£ a 7g¤ � B � term
canbe largeandmaymaskechopeaksin thecomplex cepstrum.
The presenceof a linear phaseterm may influencethe choiceof
filter selectedin the cepstraldomainsinceeachpoint will have
contributions from the linear phasecomponentthat may change
thesignfrom sampleto sample.For afinite lengthsequence,there
areno polesso that the denominatorof Eq.1 is unity and its Z-
transformis of theform� � � � �  � " %o'§)�*x, �
-4	¨/ ) � 1 , � % 3§)+*�, �
-4	65 ) � � (15)� � � � is an ��© ¤ orderpolynomialin z. We assumethat � £ zeros
areinsidetheunit circle and �Tª zerosareoutsidetheunit circle.
Hence,we obtain �«< ¬ ) <��p-
;�< ­ ) <�~p-g� andon simplifying Eq.15,
we get therelationbetweenlinearphaseandthenumberof zeros



outsidetheunit circle, � ª (Proofof this relationis given in [3]).
Thuswe get� � � � �  � 1 %43 %('§)+*x, �
-.	0¬ ) � 1 , � % 3§)+*�, �
-4	0­ ) � � (16)

where,  � �
	�-d� % 3 A�� � � %43§ £ *�, ­ £ (17)

Thecontribution of theconstantterm  to thephaseis aninteger
multiple of � I The formula for theconstantterm  is valid for a
stablesequencewith a rationaltransferfunctionaswell.

4. VALIDATION OF DCTC USING THEORETICAL
COMPLEX CEPSTRUM

We simulatethe impulseresponseof a linear systemwhosezero
/polelocationsareknown. Thepurposeof thisexampleis to show
thattheDCTCobtainedbyourmethodcompareswell with thethe-
oreticalcomplex cepstrum(TCC)[1]. In Fig. 1(a),acomplex pole
pair is placedneartheunit circle �«< y ,¯® < � � I °
° � asis a complex
zeropair �«< � ,¯® < � � I °
° � . It is shown in [3] that their proximity
to theunit circlepresentssevereproblemsto theunwrappedphase
calculationusedin theFT method.ThesystemimpulseresponseA , truncatedto 65 points,is shown in Fig. 1(b). A completerep-
resentation,notshown, wouldportrayadecayingoscillatoryfunc-
tion with a durationof several hundredsamples.Given the pole
/zerolocations,theTCC canbecalculated:� At� B � � >@?±<  <²; B�� �

(18)� A�� B � � 	 %('L )+*�, /
a )B h 7 'L )+*�, �

a)B ; B ~ � (19)

� A�� B � � %43L )�*x, 5
a )B³	 7 3L )+*�, 9

a )BS; B � � (20)

The coefficients / ) ;O� ) ;O5 ) ; and 9 ) aredefinedin Eq. 1 andthe
TCC is shown in Fig. 1(c). Removing linear phasecomponent
in the signalby shifting the sequenceA by �Tª �µ´

samplesto
the left producesthe alignedsequenceH . The FT cepstrumis
shown in Fig. 1(d). Here, becauseof the presenceof multiple
polesandzeroson or very neartheunit circle, theresultantphase
unwrappingis not accurate.The DCTC obtainedusing the first
algorithmis presentedin Fig. 1(e)(solid line) alongwith theTCC.
The DCTC obtainedusing the secondalgorithm is presentedin
Fig. 1(f), which is foundto bea closeapproximationof theTCC.
We emphasizeherethat no specificwindow wasused,only sim-
ple truncation.In our algorithms,DCT hasbeenusedfor getting
DCTCandit matchescloselywith theTCCcomparedto FT based
complex cepstrum.

5. APPLICATIONS OF DCTC
Simplespeechmodelconsidersvoicedsoundsto beproducedby
quasi-periodicpulsesof air which in turn causethe vocal cardto
vibrateproducingglottalpulsesthatexcitethevocaltractto finally
producespeech.For nonnasalsoundsthe vocal tract is modeled
asan all pole filter over short time intervals. The glottal source
is modeledwith zerosin the z-domainagainover short time in-
tervals. It is easyto achieve the deconvolution of the pulse(im-
pulse)train with thecompositeconvolution of theglottal impulse

responseandvocal tract responsesincethesetwo time sequences
occupy differentfrequency rangesin the cepstraldomain. Based
on this deconvolution, we canestimatethe pitch period. This is
accomplishedby longpassliftering thecepstrumandthenfollow-
ing theinverseprocess.Pitchperiodcanalsobemeasureddirectly
from theDCTC by measuringthetime interval from theorigin to
the first peak,asshown in Fig. 2(a). To testthe effectivenessin
pitch detection,above algorithmsareappliedto syllables,words
andsentencesto obtaintherespective pitch contours.Thesignals
areanalyzedwith a framelengthof 30 ms with an overlapof 20
ms. Fig. 2(c) and(d) show anutterance/niilamegha/ andits pitch
contourobtainedusingourmethod.Anotherapplicationis estima-
tion of theenvelopeof thespeechspectrum.Thespeechspectrum
is generallyquitescallopeddueto thespeaker’s pitch. Thepulse
train canbeliftered from thecepstrumby a shortpasslifter. After
inverseprocessingit, we obtainanestimateof theenvelopeof the
speechspectrum.An exampleis shown in Fig. 2(b).

As anotherapplication,weusedDCTCasafeaturefor speaker
identification.Weuseda50-speakersubsetof theTIMIT database.
Theaveragedurationof eachsentencein thedatabaseis around3
sec.Thetrainingdataconsistedof 2 sentencesperspeaker. Testing
wascarriedouton4 sentencesperspeaker. Speechwasfirst down-
sampledto 8 kHz. Thedurationof eachframewas30 ms,with a
20 ms overlapbetweensuccessive frames.Eachframewasham-
ming windowed andprocesedusingour algorithms. The feature
vectorsconsistedof thefirst 13 DCTC coefficients. Eachspeaker
wasmodeledusinga30-lengthvectorquantizationcodebook.The
resultswereonparwith Mel-frequency cepstralcoefficients.44of
the50 speakerswerecorrectlyidentified.WhenFisher’s discrim-
inantanalysiswascarriedout on the features,all the50 speakers
werecorrectlyidentified.

6. CONCLUSIONS
This paperpresentstheapplicationof DCT to thecomputationof
the DCTC. As comparedto the caseof FT basedcomplex cep-
strum,phaseunwrappingis easyin thecaseof DCTCandthelatter
alsomatchesmorecloselywith TCC.Thepotentialapplicationsof
DCTC in speechprocessinghave beenexploredthroughpitchde-
tectionandspeaker recognition.
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Fig. 1. (a) Pole-zeroplot of thesimulatedlinearsystem.(b) Truncatedsystemimpulseresponse.(c) TCC of thesimulatedlinearsystem.
(d) Complex cepstrumusingFourierTransform.(e)DCTCobtainedusingfirst algorithm(solid line) overlappedwith TCCof thesimulated
linearsystem.(f)DCTC obtainedusingsecondalgorithm(solid line) overlappedwith TCC of thesimulatedlinearsystem.

0 100 200 300 400 500
−1

−0.5

0

0.5

1

Cepstral time (samples)

0 50 100
−35

−30

−25

−20

−15

−10

−5

0

Frequency (samples)

M
ag

ni
tu

de
 (d

B)

0 0.2 0.4 0.6 0.8
−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

Time (sec)

0 0.2 0.4 0.6 0.8
0

50

100

150

200

250

Time (sec)

Fr
eq

ue
nc

y 
in

 H
z

(a) 

(b) 

(c) 

(d) 

Fig. 2. (a) DCTC for oneframe.(b) Its spectrum(consideringfirst 18 coefficients),overlappedwith thesignalspectrum.(c) An utterance
/niilamegha/.(d) Its pitchcontourobtainedusingDCTC.


